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Domains in C n+1 with 
Noncompact Automorphism Group. II 

Eric Bedford and Sergey Pinchuk 
§1. Introduction 

We consider here smoothly bounded domains with noncompact automorphism groups. 
Examples of such domains may be obtained as follows. To the variables Z\ , . . . , z n we 
assign weights Si, . . . ,S n with Sj = l/2rrij for rrij a positive integer. If J = (ji, . . . ,j n ) 
and K = (ki, . . . , k n ) are multi-indices, we set wt (J) = jiSi + . . . + j n S n and wt (z J z K ) = 
wt J + wt K. We consider real polynomials of the form 

p(z,z) = Yl a JK z J z K . (1.1) 

wt J=wt K=^ 

The reality condition is equivalent to cljk = The balance of the weights, i.e. wt J = 
wt K for each monomial in p, implies that the domain 

G = {(w,zi,...,z n ) 6CxC: \w\ 2 +p(z,z) < 1} (1.2) 

is invariant under the T 2 -action 

fad)»{e i *w,e iS * e z 1 ,...,e iS » 9 z n ) (1.3) 

In addition, the weighted homogeneity of p allows the transform (w, z) \— > (w*, z*) defined 
by 

w = { 1 -—){ 1 + —) ' z ' = 4{ 1 + -r) ^ 

to map the domain G biholomorphically onto 

D = {(w,zi,...,z n ) G C x C n : %mw +p(z,z) < 1}. (1.5) 

This unbounded representation of G shows that the automorphism group is noncompact, 
since it is invariant under translation in the 9fte ^-direction. Since p is homogeneous, there 
is also a 1-parameter family dilations; so with (1.3), Aut(G) has dimension at least 3. 

Presumably, every smoothly bounded domain Q C C n+1 with noncompact automor- 
phism group is equivalent to a domain of the form (1.2). Several papers have been written 
on the general subject of describing a such domains, starting with the work of R. Greene 
and S. Krantz (see [BP] for a more complete list of references). Our approach to this 
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problem may be thought of as involving two steps. The first is to show that O is biholo- 
morphically equivalent to one of a more special class of model domains D. Such a model 
domain would have a nontrivial holomorphic vector field. The second step is to transport 
this vector field back to O, analyze such a vector field tangent to 90 at the parabolic fixed 
point, and use this information determine the original domain. 

The first progress in this direction was obtained for the first step. S. Frankel [F] (see 
also Kim [K]) showed that if O is a (possibly nonsmooth) convex domain, then O has an 
unbounded representation which is independent of the variable u. This particular model 
domain, however, is not well enough behaved for us to carry out step 2 of our program. In 
[BP] we used the approach described above in the case where the Levi form of 90 had at 
most one zero eigenvalue, and we obtain model domains with polynomial boundaries. 

Here we consider the case of convex domains, which makes the scaling arguments of 
[BP] easier. Thus we are able to complete step 1 more quickly and make the transition 
to step 2. Now we focus on the second step and show that if a domain has a vector field 
of positive weight (defined below), then the domain must be of the form (1.2). We note 
that our main result, Theorem 3.7, is proved for domains considerably more general than 
convex. 

By holomorphic vector field we mean a vector field of the form H = X!?=o -^isf 7 ' 
where Hj is holomorphic on O, and we use the notation zq = w. If the coefficients of H 
extend smoothly to O, and if the real vector field 5fe H — ^(H + H) is tangent to 90, then 
we will say that H is tangent to 90. If H is a holomorphic vector field which is tangent 
to 90, then the exponential exp(tH) defines an automorphism of O for any tel. 

We assign weight 1 to the variable w = zq, i.e. So = 1. Thus we set wt(z J -^) = 
wt ( J) — 5k for any multi-index J = (jo, . . . ,j n ), and < k < n. If if is a holomorphic 
vector field (not necessarily homogeneous), we let wt H denote the smallest weight of a 
nonzero homogeneous term in the Taylor expansion of if at 0. li H vanishes to infinite 
order, we set wt H = oo. The one-parameter subgroup of translations in the 3?e lu-direction 
(automorphisms of D), are generated by the vector field 2^-, which has a fixed point at 
oo. If p > 0, then w i— > — 1/w is well-defined on D, and the vector field 2^j is taken into 
2w 2 -^, which has a fixed point at and weight 1 there. 

Let us fix a point (w°,z°) G 90. After a translation and rotation of coordinates, 
we may assume that (w°,z°) = (0,0) and that near (0,0) we have O = {v + f(u,z,z)} 
with /(0, 0) = V/(0, 0) = 0. An assignment of weights 8i, . . . , S n is admissible if there is 
a homogeneous polynomial p(z, z) (consisting of all the terms in the Taylor expansin of 
/ weight 1) such that all the terms in the Taylor expansion of / — p have weight strictly 
greater than 1. In this case we define 

Qhom = {v+p(z,z) < 0} 

to be the homogeneous model of O at (0,0). (In general the homogeneous model depends 
on the choice of weights.) 

Theorem 1. Let O be a domain with smooth boundary, and suppose that there is an 
assignment of weights at a point (0, 0) G 90 such that in the homogeneous model p > 0, 
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and p does not vanish on any complex variety passing through 0. If there is a tangen- 
tial holomorphic vector Geld H for Q with H(0) = and < wt H < oo, then Q is 
biholomorphically equivalent to a domain of the form (1.2). 

A tangential holomorphic vector field H generates a 1-parameter group of automor- 
phisms via the exponential map t i— > exp(lff). The hypothesis that wt H > in Theorem 
1 serves to eliminate the possibility that H generates a local translation at (0,0) (in which 
case wt H < 0) or a local dilation or rotation (in both cases wt H = 0) . Our motivation 
in proving Theorem 1 is that with the addition of the results and techniques of [BP] we 
obtain the following. 

Theorem 2. Let Q C <C n+1 be a bounded, convex set with smooth, finite type boundary. 
If Aut(Q) is noncompact, then O is biholomorphically equivalent to a convex domain of 
the form (1.2). 

Theorem 1 does not make any assumption of pseudo convexity. Our arguments need 
some sort of convexity hypothesis, however, to pass from the noncompactness of AutiQ) 
to the existence of a vector field H. 

It is worth noting that Theorem 2 gives a classification, up to biholomorphism, of 
the convex, finite type domains with noncompact automorphism groups. For by (1.3), a 
domain of the form (1.2) is a Cartan domain, and by [KU] it follows that two domains of 
the form (1.2) are biholomorphically equivalent if and only if they are linearly equivalent. 

Most of the following paper is devoted to the analysis of homogeneous vector fields 
tangent to dfl. Only certain vector fields can arise. In §2 we show that there can be no 
tangent vector field of the form (2.5), i.e. independent of the variable zq = w. The next 
major case to analyze is the case of vector fields of positive weight. This is done in §3. In §4 
we show how to apply these algebraic results to domains with noncompact automorphism 
groups. For the most part, this is a reiteration of results of [BP]. In the convex case, we 
have more flexibility in our normal family arguments. Thus we give Lemma 4.1, which 
makes the transition between steps one and two more natural and understandable than 
the treatment in [BP, Lemma 7]. 

§2. Holomorphic Tangent Vector Fields 

A vector field on C n may be written as Q = ^2Qj(z)-^-, and Q is homogeneous of 
weight [i if wt qj = /i — 5j holds for 1 < j < n. An integral curve of Q is a holomorphic 
function <p : V — > <D n for some domain DcC such that <p(t) = Q((p(t)) for all t G V. If 
V is a maximal domain of analyticity of an integral curve <p, then the image <fi(T>) is an 
complex orbit of Q. 

A complex orbit is necessarily unbounded unless it is a constant (i.e. a critical point). 
For if (p : D — > C n is an integral curve, and if \<p(t) \ < M on T> then for any point to £ ^ 
the solution of (p(t) = Q(ip(t)) may be analytically extended to a disk {\t — to i < r } where r 
is independent of to- Thus cp extends to an integral curve cp : C — > C n . Since cp is bounded, 
it must be constant, and so (p(D) must be a critical point of Q. 

For r E C we define the dilation D T : C n — > C n by 

D T (z) = (r^ Zl ,...,T S -z n ), 
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where t j denotes an arbitrary but fixed choice of fractional power. If ip is a solution of 
the vector field Q, then so is (p T (t) = D T (ip(TH)). Thus if S is an orbit of Q, then so is 
D T (S). 

We start with some observations about homogeneous vector fields on <D n . 

Lemma 2.1. Let Q be a nonzero homogeneous vector Geld of weight |i ^ 0, and set 
A := {Q = 0}. If A = {0}, then there is an orbit S of Q which contains in its closure. 

More generally, let V C C n be a subvariety such that A (IT = {0} and V is invariant 
under D T for all r G C If Q is tangential to V at all regular points, then there exists an 
orbit S of Q with S C V and which contains in its closure. 

Proof. We assume first that A = {0}. Let S' be a nontrivial orbit of Q passing through 
a point bo, and take a sequence cik G S' , \cik\ — > oo. For each k, we choose a dilation D e 
with e = 6^ chosen such that |D e (a/s)| = 1. For each k, Sk '■= D e (S') is an orbit of Q and 
contains the point bk := D e (bo). Since — > as — > oo, we may assume that \bk\ < 1. 
Thus there exists a point a^ G with ja^l = 1. Passing to a subsequence, we may assume 
that a/c — > ao with |ao| = 1. Since Q(ao) 7^ 0, there is a nontrivial orbit S passing through 
ao, and it is a basic property of systems of ordinary differential equations that the orbits 
Sk converge to the orbit S. Since the bk € Sk converge to 0, it follows that is in the 
closure of S. 

The proof of the second assertion is identical; we just observe that Sk and S remain 
inside V. □ 

Lemma 2.2. Let Q be a nonzero homogeneous vector field of weight \x 7^ which is not 
identically zero. Then there is a nontrivial set E which is invariant under D T for all r G C 
such that any solution f of Qf = satisfies f = /(0) on E. 

Proof. Let us fix a point c with Q(c) 7^ 0, and let S denote the orbit passing through c. Let 
E denote the set of all limit points of sequences {a u } with a u G D Tv S and t u — > 0. We note 
that E fl {\z\ = 1} 7^ 0. It follows that E is invariant under D T . Further if ao G E, then 
there exists a sequence a v G D Tv S with a v — > ao and t v — > 0. Thus 6^ := -D Tl ,c — > 0. If 
Qf = 0, then / constant on D Ti/ S, so }\d Tv s = f{K)- Thus f(a) = lim^^ /(&„) = /(0). 
Since this holds for all a G E, /|s = /(0). □ 

Any polynomial of z and z may be written in the form p = ^Y1iAb c a,bz a z b . We 
define the signature S(A, B) = wt A — wtB. Thus we may write p as a sum of monomials 
of fixed signature 

p = p ("-*-) + p ("-*+i) + . . . + p(^-i) + p(^), (2.1) 

where z/_; = — v\, uq = 0, and V{ < Thus = p(^). We may define holomorphic 

functions f v> B by summing first over the indices A: 

P M = £ c A , B ^ B = £/, )B (z)^. (2.2) 

5(A,S)=j/ J3 

We say that p is balanced \i p = p . A homogeneous polynomial of weight 1 is balanced if 
and only if it has the form (1.1). We will assume throughout the rest of this paper that 
p is homogeneous of weight 1. Thus each of the functions j v b is homogeneous of weight 
(u+l)/2. 
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Lemma 2.3. Let Q be a homogeneous vector Geld with Q(0) = 0, and suppose that S is 
a nontrivial orbit of Q with E S, and such that Q ^ on S. Ifp( u > is in the form (2.2) 
and ifQ a p^ = on <D n , then p M\ s = 0. 

Proof Since the vector field Q is tangent to S, it follows that (Q a p {l/) )\s = (Q a \s)(p {,y) \s)- 
Thus from the equation 

we deduce that Q a f u ,B = on C n for all v and B, and thus this holds on S. Since Q ^ 
on S, Q a ~ x f v ^B is constant on S. But since Q(0) = 0, we have Q a_1 /i/,s(0) = 0, and since 
E S it follows that Q a ~ x f v ,B\s = 0. Proceeding in this way, we have Q a f v ,B\s = • • • = 
QIv,b\s = Iv,b\s = 0. Since this holds for all v and £?, we conclude that p^ = on S. 
□ 

We let A^ denote the set of holomorphic vector fields which are homogeneous of 
weight \i and which are tangential to the domain Q.hom- With the notation 

d ^ d 



dw ^ dz» 



the tangency condition is given by 



M4® + 5>4' = (2 - 3) 



for all (w, z) E dVL hom . 

Without loss of generality we may assume that 



p = ca,bz A z b contains no holomorphic (or antiholomorphic) monomials, (2.4) 

A,B 

i.e. neither multi-index A or B in the summation is equal to (0, . . . , 0). Since p is real, 
this is equivalent to the condition /^s(0) = for all f^B in (2.2). 

Our first step will be to eliminate tangent vector fields of the special form (independent 
of the variable w) 

d 

j = l o 

from the context of Theorems 1 and 2. Such a vector field can belong to A^ in the 
degenerate case Qp = 0. Vector fields of the form (2.5) arise, too, as rotations X^j-^af 
in the case of weight zero. Another possibility with positive weight is as follows. 

Example. Let / = z\z\, g = z\Zi, p = 23?e fg, and Q = iz\zii^z\-^ ^^ z 2^)- Then 
Qp = —iff : and Qp = 0. 
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In order to eliminate the possibility of nonzero vector fields of the form (2.5) with 
weight fj, 7^ 0, we will make the hypothesis 

{p = 0} contains no nontrivial complex manifold. (2-6) 

We will say that (z±, . . . , z n ) is a weighted change of coordinates if Zj is a homogeneous 
polynomial of (z±, ... , z n ), and its weight is equal to wt Zj. This leads to a new polynomial 
p, defined by p(z) = p(z). It is evident that p satisfies (2.4) and (2.6) if and only if p does. 
Similarly, p is balanced if and only if p is. 

Lemma 2.4. If Q e , then Q(0) = 0. 

Proof. For otherwise, q 3 ■ = c ^ for some j. In this case we may make a homogeneous 
change of coordinates to bring Q into the form -Jr-. This means that p is independent of 

azj 

the variable xj. However, setting Zk = for k ^ j, we must have a nontrivial homogeneous 
polynomial of weight [i in the variable Zj alone, by (2.6). On the other hand, the only 
polynomial independent of xj is (i(zj — Zj)) m \ which violates (2.4). Thus we must have 
Q(0) = 0. □ 

Proposition 2.5. Let Q G n ^ 0, be a vector field of the form (2.5). If (2.6) holds, 

then Q = 0. 

Proof. Let us suppose that \x > 0. (The case \x < is similar.) The tangency condition is 

L 

^ e Qp= ^QP {vi) = 0- (2.7) 

l=-L 

We note that Qp^ L ^ is the only term in (2.7) with signature \i + z/^, which is the largest 
possible, and there are no terms of signature —/jl — vl which might cancel with it upon 
taking the real part. Thus 

Qp {uL) = 0. 

The terms of signature vl-i + P in (2-7) must vanish, so this condition is given either by 

Qp^ L -^ 

alone or by 

QpiVL-x) + Q p -{u L ) = 0; (2.8) 

the occurrence of the second case depends on whether vl-i + p = —(—^l + p) or not. 
We show now that in case (2. 8) we have Q 2 p^ L ~^ =0. We recall that 
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Since Qp^ VL ^ = 0, we have Qf VLi B = for all B. Combining this with (2.9), we have 

QQp^ = Qf"L,BQzB = o. 

From (2.8), then, we have Q 2 p(" L - 1 ) = 0. Continuing in this fashion, we have 

Q<* p (n) = o for some a < L — I + 1. 

Now set A := {Q = 0} . In case A = {0}, we let S denote the orbit given by Lemma 
2.1. By the remarks above, we must have Q(0) = 0, so that by Lemma 2.3 it follows from 
(2.4) that p( Ul) \ s = for —L < I < L. Thus we have S C {p = 0} which contradicts (2.6). 

The other case isA^{0}. IfQ^O, then we may let E denote the set given by 
Lemma 2.2. We may assume that E C {Q = 0}, for otherwise if c G E n {Q ^ 0}, then as 
in the proof of Lemma 2.1, the orbit S passing through c contains in its closure, and we 
derive a contradiction as in the previous case. 

Now we show that 

= o for all -L<l<L. (2.10) 
Comparing terms of signature v\ in (2.7), we must have either Qp^ = or 

Qp^+Qp~M=0 (2.11) 

if there is a k such that vi + ji = —(—Vk + A*)- From (2.9) and (2.11) we obtain 

Qptn) = _Y j f Uk , B {z)Q^. (2.12) 

B 

Let k = (1 — vi)/2 denote the weight of the indices B appearing in (2.12), and let V K {z) 
denote the holomorphic polynomials in z of weight k. Let ipi, . . . , (fN denote a basis for 
the space V K +n(z)/QV K (z). It follows that {z 1 <pj} forms a basis for the space 

(z,z)/(Vx(z)QV K (z)) 

where V\ :K+ ^(z, z) = V\(z)V K +^(z). Since {<Pj} is a basis, there exist holomorphic poly- 
nomials qb and gj such that p^ Vl > = Y1<9bQz b + This yields 

q p m = Y^QqeOz 5 +Y,Qam- ( 2 - 13 ) 

The difference between (2.12) and (2.13) must vanish, and {<Pj} is a basis, so Qgjftj = 0. 

Thus 

Q{p {ui) ~Y.9bQz b ) =0. 

By Lemma 2.2, we conclude that 

Finally, Q = on E since E C A, so p (l/i) |s = 0. Thus we have E C {p = 0}, which 
contradicts (2.6). □ 
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Lemma 2.6. IfwtQ > 0, and Q is nonzero, then g is not identically zero and is divisible 
by w. 

Proof. If go is not divisible by w, then it contains a holomorphic polynomial in the variables 
zi, . . .z n . Since wtQ > 0, we must have wtqj > for all j. Thus g? Jj: can contain no 
pure holomorphic or antiholomorphic terms. By equation (2.3), we must have Jteigo = 0, 
so that go = 0. It follows, then, by Lemma 2.5 that Q = 0. □ 

Next we classify the vector fields of negative weight. It is obvious that A^ is trivial 
if fi < —1, and A^~^ is generated by -J^. It turns out that the only other possible weights 
are the — Sj themselves. 

Lemma 2.7. Let a nonzero vector field Q G A^\ \x < 0, be given. Then ji = —Sj for 
some 1 < j < n, and there is a weighted homogeneous change of coordinates (z\, . . . , z n ), 
depending on (z\, ... , z n ) such that after possibly relabeling the indices Q is given in the 
new coordinates as s -J^ + -^L. The new defining function p satisfies (2.15) and (2.16) 
below, and 

s (zi,o,...,o) = mc \Y i ) 

for some real constant c. 

Proof. It is evident that if wt Q < 0, then each coefficient qj depends only on z\, . . . , z n , 
i.e. it is independent of w = zq. If go = 0, then Q = by Lemma 2.5. Thus we suppose 
that go 7^ 0. If go is a real constant, then wtQ = —1, and Q = c-Jj^, which completes the 
proof in this case. 

Otherwise, go is a holomorphic polynomial of positive weight, which will need to 
be cancelled by pluriharmonic terms in (2.3). By (2.4) J^l cannot contain any purely 

holomorphic monomials. And if qj ^ and qj(0) = (i.e. if wtqj > 0), then qj-§f- 
contains no pluriharmonic monomials, so there is nothing pluriharmonic to cancel go in 
(2.3). Thus there must be a, j such that gj(0) ^ 0, i.e. qj is constant, and thus wtQ = —Sj. 

For convenience of notation, we may assume that j = 1. Let us define homogeneous 
polynomials /^(z), • • • , h n (z) by = qj. It is immediate that wt hj = wtqj + Si; and 
since wtQ = —Si, we have wtqj = —Si + Sj. Thus wt hj = Sj, and the coordinate change 
defined by 

w = w, zi = zi, Zj = Zj + hj(z), 2 < j < n 

is weighted homogeneous. Since = §17^"? we have Q = «o^ + ^ if w e define s 
by s (z) = q (z). 

We define a homogeneous polynomial S by requiring that it be divisible by z\ and 
that = so- We define coordinates (w, z) by setting 

w = w + S(z), z = z. 

The surface {p(z) + v = 0} becomes {p(z) + ^smS(z) +-0 = 0}. In the -coordinates we 
have Q=S-. 
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Let us now drop the hats from the coordinates. The condition that Q is tangential to 
<9fi is equivalent to the condition that the function p(z) + 3m S(z) is independent of the 
variable 3?e z\ . Thus we may write 



P(z) + -(S(z) - S(z)) = c 



z\ - Zi 
2i 

n 



+ 



+ 23?e a kZk 

k=2 



Z\ ~ Zi 

2% 



+°(£ 



Zk\ 



vfc=2 



(2.14) 



with 1 < mk < m. We claim that, in addition, we have 

m/2 < mk < m — 2. 

Since p has weight 1, we must have mdi = 1 and 5k + m^i = 1. Since 5k is the reciprocal 
of an integer, we have 1 — nik/m < |, which gives the lower bound on rrik- For the upper 
bound, it is obvious that mk < m — 1. If equality holds, then 5i = 5k, i.e. z\ and Zk have 
the same weight. Thus the coordinate change z\ = z\ — iakZk is homogeneous, and in it 
the monomial ZkV™ h does not appear. 

By (2.4), the pure holomorphic terms are inside S, so we have 



p(zi,0, 
dp 



dz. 



,0)=c 
(zi,0,...,0) = 



z\ - Z\ 



2% 

z\ - z x 
2i 



-23?e 



(I)' 



- (I)' 



(2.15) 
(2.16) 



and 



I S( , 1 ,0,...,0)=c(|) m 



The derivative, sq, thus has the form stated above. 



□ 



§3. Balanced Domains 

^4^°) contains the vector field 

_^ d \ ^ . d 
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which corresponds to homogeneous dilation. For any vector field Q G \D,Q] = \iQ- 

If p is weighted homogeneous of weight \i, then the familiar Euler identity may be recast 
in the form 2Ke Vp = (V + V)p = (ip. An analogue of this which will be useful later is 

2Vp = up if and only if p is balanced. 

If p is not balanced, then we may consider p^ as in (2.1). In this case we have 



Vp 



(") - a±Hr>(") 



P y 



(3.1) 



Lemma 3.1. If Q E , then Q = cV + C for some c G R, and C is of the form (2.5). 

Proof. By Lemma 4, we must have qo = cw for some constant c. It is evident that 
C:=Q-cV G „4 (0) and has the form (2.5). □ 



Lemma 3.2. If Q e , < fj, < 1, and if Q ^ 0, then p=\. 



2 ' 

Proof Let us define S := [^,Q] = E^^fr- Then S e and by Lemma 2.6, 

S 7^ 0. By Lemma 2.7, then, /i — 1 = — 5j for some j. In particular, if ^ ^, then 
| < ji = 1 — <5j < 1. By Lemma 2.7, we may assume that S = s (z)-J^ + -J=^-. By Lemma 
2.6, q is divisible by w, so 



Q = wso— + (w + niz))— +^r j {z) — 

j=2 J 



for some homogeneous polynomials rj. 
Now let us calculate the commutator 

Since 8\ < \, the commutator has weight 1 — 2$i > 0. Further, since the coefficient of 
is not divisible by w unless it is 0, we see that [S, Q] = by Lemma 2.6. In particular, 
drj/dzi = for 2 < j < n. If we set z 2 = ■ ■ ■ = z n = 0, then rj = for 2 < j < n. By 
homogeneity, s (zi, 0, . . . , 0) = az™ -1 and r\(z\, 0, . . . , 0) = (3z™. Since the coefficient of 
t^j- vanishes, we must have a + m/3 = 0. But since the coefficient of -J^- vanishes, too, we 
have a 2 — (m — l)a(3 = 0. Thus a = j3 = 0. But by Lemma 2.7, we have a = cm = 0, so 
c = 0. This contradiction proves the Lemma. □ 

We note that a polynomial p can be nondegenerate in the sense of satisfying (2.6), but 
p(°) may be degenerate. We consider a different nondegeneracy condition on a homogeneous 
polynomial ip: 

There is no holomorphic vector field R ^ such that Rep = 0. (3.2) 
If ip is strictly psh at some point, then (3.2) holds. 

Lemma 3.3. Suppose that the balanced part p^ of p satisfies (3.2), and let p = wtp. If 
h, 1 < k < n are weighted homogeneous of weight 5k, and if p + EfcLi ^ k lhk = ^' ^hen 
Ik = —2p~ 1 SkZk, and p is balanced. 

Proof. By (3.1) the operator L = E^fcgf - preserves the splitting (2.1) in the sense that 
S(Lp^) = v. It follows that p^ = —Lp(°>. Since p^ is balanced, we have 

J2(h + 2p- 1 5 k z k )-^— = 0. 
fc=i ° Zk 

Thus the integral curves of the vector field L + 2p~ 1 V lie in the level sets of p(°\ which 
contradicts (2.6), unless Ik = —2p~ 1 5kZk- It follows now from (3.1) that p is balanced. □ 
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Lemma 3.4. Suppose that p satisfies (2.6) and that p(°> satisfies (3.2). If there is a 
nonzero vector field Q G then p is a balanced polynomial; and after a homogeneous 

change of coordinates and a permutation of variables, 



Q = A 



d d d 

-2iwz\— \-w- > ZibjZiZj—- 

^ ():. 

3 =\ j 



dw 



dzi 



(3.3) 



for some A Gl. 



Proof. Let us use the notation zi, . . . , Zd for the variables of weight |, and let £i, . . . , £ e 
for the variables with weight < \. Let Q be a nonzero vector field of weight |, and let 
Q(~h) : = [jL, Q]. By Lemma 2.7 we may assume that Q(~^ = —2iz\J^ + -J^. Thus by 
Lemma 2.5 we have 



We may write 



P = Yl z i z i + £(w(C> + zm(C, 0) + P(C, 0- 



(3.4) 



After a change of coordinates of the form i— > + V , j(C)> we may assume that ^ contains 
no anti-holomorphic terms. Then after w i— > to + x(C)> we may assume that </?j contains 
no holomorphic terms, i.e. that (2.4) is satisfied. Thus (2.3) takes the form 



-Hz\v + ivcpi + ^2 Qj( z j + fj) + 



i=i 



fc=l 



(3.5) 



We note immediately that the coefficient of u must vanish, i.e. that 5te ip\ = 0. 

Now we set u = and C = in equation (2.3). Since ipj has weight 1, dif Q^ 
we have 

3?e(2z2i ZjZj + 0)%) = 3?e Zj(2iz\Zj + qj(z, 0)) = 0. 

We conclude, then, that 

Qj (z, C) = -2iZ!^ + 5>fc?f } (C) + ^(0 
for 1 < j < d. Similarly, since qj has weight < 1, we may write 

& = £**«j fc) (c) + 3(c). 
ii 



0, so 



Now we observe that there are no coefficients (i.e. functions of ( and £) of z\ inside 
the term in square brackets in (3.5). Thus the coefficient of z\ must vanish, i.e. 



k=i 

Similarly, taking the coefficient of z\Z\ we have 



The only purely holomorphic or antiholomorphic terms come from q[^ so = 0. Now 
since ip± is pure imaginary, these two equations give cpi = 0. 

There is no function of £, ( as multiple of z\z m for 2 < m < d in the bracketed term 
in (3.5). Thus the coefficient of z\z m must vanish: 



k=i 



The coefficient of z\z m plus the conjugate of the coefficient of z m z\ must also vanish, so 

fc=i au 

It follows upon comparing pure terms that qm = = 0. 

The coefficient of z\ in the bracketed term in (3.5) is q[. Adding the conjugate of this 
to the coefficient of z±, we obtain 

« + #>f- = 0. 

fc=l ° U 

The only pure terms come from q[, so we must have q[ = 0. By Lemma 3.3, then, we 
conclude that 

gjM = -4z4Cfc (3-6) 

and that p is balanced. 

We note that there are no terms of the form z\Zj in the bracketed term in (3.5) for 
2 < j < d, so the coefficient of ziZj must vanish, i.e. 



yV 1} ^-o 



fc=i 

But by (3.6), this gives <pj = 0, since <pj contains no purely anti-holomorphic terms. 
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Now we may inspect the coefficients of ZjZ m for 2 < j,m < d, and since <pj = 0, we 

( m ) n 

get q) = 0. 

Finally, the coefficients of Zj and Zj for 2 < j < d give 

fc=i ° u 

Again, the pure terms vanish, so (?'• = 0. By Proposition 2.5, we have = 0. Setting 
z = in (3.5), we have 

so that = by Proposition 2.5. This completes the proof. □ 
Remark. We have in fact shown that under the hypotheses of Lemma 3.4 we have 

d 

i=i 

Lemma 3.5. Suppose that p satisfies (2.6), and that p(°\ and (p 2 )^ satisfy (3.2). If 
there is a nonzero vector field Q G ^l^ 1 ), then p is a balanced polynomial; and after a 
homogeneous change of coordinates and a permuation of variables, 

for some A G R. 

Proof. By Lemmas 2.6 and 2.7, <j» is a real multiple of w 2 . Thus 

d n d 
Q = w2 -fr; + ^{ w <lj{z) + r j {z)) 



dw dzj 



where wtqj = Sj, and wtrj = 1 + Sj. The coefficient of u in (2.3) is then 



0Zj 



Multiplying by 2p, we have 



H-2 P 2 +x>§^] =0 - (3 - 8) 
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Now we set u = in (2.3) and obtain 



or, after doubling, 



Edp ^ dp 



3m 



(E»^) + »«.(E^)-a m 

Every monomial in rj Jj- is of the form z A z B with tut A > 1 + Sj and wt B < 1 — 5j. Thus 
the second term in (3.9) can have no balanced monomials. The operator preserves 
balanced polynomials, so we may add (3.8) and (3.9) and take the balanced part to obtain 

j= i j 

where (p 2 )^ denotes the balanced part of p 2 . By Lemma 3.3, we have qj = 25jZj. 
Now we add (3.8) and (3.9) to obtain 

2TV) =D«i^ = V " Me ± rj ^. (3.10) 

j = l J j=l o 

Now we write 

p 2 = (p 2 )(-^) + ... + (p 2 )(^) 

as in (2.1). By (3.1) we have 

Thus if we can show that = for 1 < j < n, then from (3.10) we will have 

(i + f )b 2 ) ( ^ = (i - f )W^ = (i - f )(p 2 ) ( ^ } - 

We conclude that the only terms that can appear correspond to fij = 0. Thus p 2 is a 
balanced polynomial. It follows that p is balanced, too. With Lemma 3.6, then, the proof 
will be complete. □ 

Lemma 3.6. With the notation of Lemma 3.5, R := X] r j ^~ = 0- 
Proof. From (3.1) and (3.10) we obtain i^i(p 2 )^ = Rp^~^ for \i > 0, or 

z(z/ + l)(p 2 ) ( " +1) = Rp {v) (3.11) 
for all indices v = v-l, v-l+i, ■ ■ ■ 
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The largest signature in (p 2 )^ is 2is L < 1 + v L , so setting v = v L in (3.11) we obtain 

Rp {vL) = 0. 

Now proceed by induction to show that 

R 2i p {u L .i) = o for < j < 2L. (3.12) 

We consider (3.11) for v = Uj. Each element of (v + l)(p 2 )^ +1 ^ is made up from a product 
of the form (y + l)p^ a ^ p^ b "> with v a + i>b = Vj + 1- Since u a , < 1, it follows that 
v a , i/b > i/j. By induction, R 2 ° p^ = for v = v a and v = and so 

i2 2, - 1 (p("-)p(^)) = 0. 

This proves (3.12). 

Next we consider the ordered family 7i = {/ii, hz, ■ ■ ■ , /^at} of homogeneous polynomi- 
als defined as follows. We list out H in groups in the order Ql, Gl-i, ■ ■ ■ , ^-l- For fixed /, 
— L < / < L we let B±, B2, ... be an arbitrary ordering of the (finitely many) multi-indices 
appearing in p^ 1 ' = ^2,fv u B^ B ■ Then we define Qi to be the (finite) ordered set 

{R 2 1 fv l ,B 1 ,R 2 2 fv l ,B 1 ,---,fv l ,B 1 ,R 2 1 fv u B 2 iR 2 2 fv u B 2 i • • • 7 fv>i,B 2 , ■ ■ •}• 

Let us define V = C n and V m = {h x = . . . = h m = 0} for 1 < m < N. Clearly 
Vo D V± D . . . D Vjv- Since each vanishes on Vjv, it follows that Vn C {p = 0}. 

Thus dimVAr = 0. And since Vn is invariant under D T for all r G C, we have Vjv = {0}. 
Further, by the choice of ordering of 7i, thogether with (3.12), we see that 

Rhj + i = on Vj for every j. (3.13) 

Thus R is tangent to V m at the regular points of V m where R ^ 0. 

Since we are trying to prove that R = 0, we may assume that A := {R = 0} 7^ C n . 
Thus we may choose m such that V m+ i fl A has a component which has co dimension 1 in 
V m . Passing to irreducible components, we may assume that V m and V m +i are irreducible, 
and V m+ i C A. There are now two cases to consider. The first case is that V m+ i = {0}. 
Thus R 7^ on V m — {0}, and by Lemma 2.1 there is an orbit S of R with in its closure. It 
follows from (3.12) and Lemma 2.3 that p^ = on S. Thus p = on S, which contradicts 
(2.6). 

In the other case, dim(V m ) > 1, and we may choose a (constant) tangent vector 
T = which is tangent to V m at some point, and we define ip := T k h m +\. We 

may choose k such that V m +i C {<p = 0} fl V m and d(p\v m does not vanish identically 
on V m _|_i. Then there is a holomorphic vector field R on V m such that tp d R = R for 
some d > 1 and such that R does not vanish identically on V m+ i. By (3.13) we have 
(p d Rh m+ i = Rh m+ i = on V m — V m+ i. Thus Rh m+ i = on V m +i. It follows that R is 
tangential to the regular points of V m+ i on the (nonempty) set where R 7^ 0. 
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For each //, we let s M > denote the largest integer such that 

= o(|<^) 

holds on V m . By (3.11) and the definition of R it follows that s M > eZ for fx > 0. Since 
p(~v) = p(M), we have > d for /i < 0. Let s be the minimum value of s M for ji ^ 0. Since 
(p 2 )W consists of products p( u °-)p("b) w ith < z/ a , z/ b < 1 and z/ a + v b = 1, it follows that 

(p 2 )«=0(M 2s ). 

From (3.10) we have Rp^ = i(p 2 )^\ so we have 

<p d Rp<® = 0(\<p\ M ). 

It follows, then, that Rp^ = on V m . By Lemma 2.2, then, p(°) vanishes on a variety 
passing through 0. Thus p vanishes on the same variety, which contradicts (2.6). □ 

We may summarize the work of §3 by the following. 

Theorem 3.7. Let p be homogeneous of weight 1, letp satisfy (2.6), and let p^ and (p 2 )^ 
both satisfy (3.2). If there is a tangential holomorphic vector field Q for {v + p(z) < 0} 
with wt Q > 0, then p is balanced. 

§4. Domains with Noncompact Automorphism Groups 

In this Section we give the proofs of Theorems 1 and 2. 
Proof of Theorem 1. Let p be homogeneous. We may obtain the balanced part p^ as 

P i0) (z) = ^- [\(e id z u ...,e ie z n )de. 
2tt Jo 

If p > 0, then p(°) > and (p 2 )^ > 0. Since p^ is symmetrized, it follows that p^ is 
invariant under V T for all r G C Thus, for zq ^ 0, p(°\zo) > 0, since otherwise p^ (and 
thus p) would vanish on the P r -orbit of zq. It follows that the level sets {p^ = c} are 
compact, and thus there are points where p^ is strongly psh. So (3.2) holds. Similarly, 
(3.2) holds for (p 2 )(°). 

Now let Q denote the homogeneous part of H of lowest weight. If Q has weight \x > 1, 
then the commutator [Q, has weight fj, — 1 and is not the zero vector field by Lemma 
2.6. Taking further commutators, we may assume that Q has weight < \x < 1. By 
Lemma 3.2, then /i is either | or 1. Applying Lemmas 3.4 and 3.5, we may assume that Q 
has the form of either (3.3) or (3.7). In either case, we may apply the argument of the final 
rescaling in §5 of [BP] to conclude that O is biholomorphically equivalent to {v + p < 0}. 
□ 
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Admissible Assignment of Weights. For the rest of this Section we let O denote a smooth, 
convex surface with finite type boundary. Let us fix a point € dfl, and assume that 
the tangent plane to <9Q at is given by {v = 0}. Let us begin by showing how to make 
an admissible assignment of weights. We assign weight 1 to the variable w, and we write 
dfl as {v + f(u,z) = 0} in a neighborhood of 0. For a tangent vector T = X] a j'af"? 

we let Ord(f(0,z),T) = m be the smallest positive integer such that T fc (/(0,0)) = for 
1 < k < m — 1 and T m /(0, 0) ^ 0. Since has finite type, each vector T^0 has a finite 
order. We let L\ be the set of complex tangent vectors such that Ord(f(0,z),T) = m\ 
is maximum. Then we define numbers m\ > ■ ■ ■ > and complex subspaces L\ C 
L 2 C . . . C Lfc = C n by the condition that Ord(f(0,z),T) = rrij for T <E Lj — Lj-±. 
After a complex linear change of coordinates, we may assume that there are integers 
n\ < n,2 < ■ ■ ■ < nk such that the coordinate system {zi, . . . , z n } has the property that 
Lj is spanned by {^- : rij-i + 1 < s < rij}. We assign weight mj 1 to the variables 
{z s : Uj-i + 1 < s < rij}. By the convexity of /, the rrij are all even. 

Now let p denote the terms of weight 1 in the Taylor expansion of / at z = 0. 
We must show that all monomials in the Taylor expansion of / — p at the origin have 
weight greater than or equal to one. If not, there is a term of minimal weight \x < 1 
in /. Let q(z) denote the terms of weight \i. If we perform the scaling of coordinates 
Xt( w i z \i ■ ■ ■ i z n) = (t^"w, t Sl zi, . . . , t 5n z n ) : then the surface O is transformed to the surface 
Ot, which converges to {v + q(z) < 0} as t — > 0. Since O is convex, it follows that q is 
a convex function. By the construction of the weights, however, there are no monomials 
of the form xj 1 or yj 1 appearing in q. By convexity, then, q = 0. We conclude that this 
assignment of weights is admissible. 

The polynomial p itself is obtained as the limit of / under the scalings above with 
\i = 1. Thus p is convex, and {p — 0} is a real linear subspace of C n . Since the order of p 
in any direction T is finite, p cannot vanish on a complex line. Thus {p = 0} is a totally 
real linear subspace of C n , and hence (2.6) is satisfied. 

We will invoke several results which were proved under slightly different hypotheses 
in [BP]. In fact, since O is convex, several technicalities in [BP] can be avoided here. 
First, we apply Lemma 2 of [BP]: if Aut(Q) is noncompact, then O is biholomorphically 
equivalent to a domain D = {v + p(z±, . . . , z n ) < 0}, where p is a convex polynomial (not 
necessarily homogeneous). By construction, p satisfies (2.4). Let g : D — > O denote this 
biholomorphism, and let H = <7*(2^-). Since O is convex and finite type, H extends 
smoothly to O and induces a tangential holomorphic vector field. The mapping g extends 
to a homeomorphism between D U {oo} and O. We translate coordinates so that g(oo) = 

G on. 

Since O is convex, we assign weights as above, and let Q denote the part of H with 
minimal weight. Since H vanishes to finite order, it follows that Q ^ 0. Since Q(0) = 0, 
it follows from Lemma 2.7 that Q has weight > 0. If wt Q = 0, then by Lemma 3.1, 
Q = cD + C. However, if c 7^ 0, then is either a source or a sink, and in neither case can 
it be parabolic. 

Uniform Hyperbolicity. We will consider a family of convex domains in C n+1 , and we 
wish to have an estimate for the Kobayashi metric F, which is uniform over the family 
of domains. We let F(q, £, Q) denote either the Kobayashi metric for the domain O at a 
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point q G O, in the direction £ G T g (0). 

We consider two sorts of convergent domains. The first is a sequence of domains of the 
form G^"' = {v + p( u \z) < 0}, where p^ u ' is a sequence of convex polynomials of degree 
< d, which converge to a convex polynomial p*- 00 -* which is nondegenerate in the sense 
that {z : p ioo \z) = 0} is a totally real linear subspace of C n+1 . It follows that there is a 
nondegenerate convex polynomial p such that p( v > > p, and so we can use G = {v + p < 0} 
to obtain the estimate F(q, f , G^) > F(q, f , G) for all £ and q G G^ n G. Since the limit 
domain G is Kobayashi hyperbolic, it follows that for a compact K C G, there exists e > 
such that 

F(q,^G^)>e\^\ (4.1) 

holds for all q G K if z/ is sufficiently large. 

The second is a family of scalings fi^ := x {u) (ty. As was observed above, the 
domains CL^ converge to the domain Sl hom . Further, there exists an e > such that for 
any compact K C Qhom 

F{q^M v) )>^\ (4-2) 
holds for q G K and t sufficiently large. 

Erratum. Similar estimates were used in the proof of Lemma 7 in [BP, p. 181]. It was 
incorrectly stated there that p* was strictly psh on {z\ ^ 0}. However, we may set c = 0, 
so that p* is strictly psh on {ip Zl ^ 0}, and the proof of Lemma 7 works without change 
if the cases 7 = and 7^0 are considered separately. The Remark after Lemma 7 is 
incorrect. The domain {v+P(zi, z~i)+Z2Z~2 + - ■ -+z n z n < 0} is in fact Carathedory complete 
(which follows from [BF]). But the weaker property of being Kobayashi hyperbolic is not 
as trivially proved as was asserted in [BP]. 

Lemma 4.1. There is a biholomorphic mapping h : D — > flhom such that fo*(^) = cQ 
for some real number c ^ 0. Further, Q has weight > 0. 

Proof. We let g : D — > O be as above, and we consider a sequence of mappings hS v ' : 
-> Sl v defined as follows. We let Q v := x*A and we let = (w^\z[ v) , z { n ] ) := 
g~ 1 Xu 1 ( vjC ') f° r some point (tu°, z°) G O. Now we make a coordinate change 

(V) ^ ^ ■ ^■ 

Zj = Zj — Zj % 1 < j < n 

w = w- ^ew {v) - a { Q ] i + Ue^af\zj - z { - ] ). 
We follow this with a scaling of coordinates 

w = X^w, Zj = /j,jZj, 1 < j < n. 

Thus the domain D takes the form G^ v ' = {v + p^\z) < 0}. We choose the A*-^ and 
p^ such that the coordinates of q^' are (— i, 0, . . . , 0), and for 1 < j < n the modulus 
of the largest coefficient of p^ u '(0, . . . , Zj, . . . , 0) is 1. The mapping hS v ' is then defined by 
applying the change of coordinates which takes G^ u > to D and following this with Xv 9- 
The are a family of convex domains which, if we pass to a subsequence, will 
converge to a domain G := {v + p(°°\z) < 0}. By the uniform hyperbolicity condition 
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(4.2), {h^} is a normal family, with a limit function h : G — > O^ om . However, since 
h^(—i, 0, . . . , 0) = z°) G 0/j Om and since we have estimate (4.1), it follows that h is 
a biholomorphism. 

Finally, we observe that the change of coordinates on the domain D dilates the vector 
field ^ by a factor of l/X^K Applying g*, we obtain a scalar multiple of the vector field 
H on O. Finally, the scalings Xv*i applied to a multiple of H, converge to a multiple of Q 
as v — > oo. Since h is a biholomorphism, we must have 0. 

Now we wish to show that wt Q > 0. By the remarks above, wt Q > 0; and if wt Q = 0, 
the Q = £, as in Lemma 3.1. But in this case, the orbits of lie inside the level sets 
{p — c }- Since such orbits do not occur for a parabolic fixed point, we must have wtQ > 0. 
□ 

Proof of Theorem 2. Applying Lemma 4.1, we have h : G — > O^ om . Since ^ is a parabolic 
vector field on G, it follows that Q must be a parabolic vector field on flhom with weight 
> 0. By Theorem 1, then, it follows that O is biholomorphically equivalent to a domain 
of the form (1.2). □ 
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